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Abstract
In this Letter the nuclear level density is discussed in terms of collective excitation modes. The level density parameters due
to different excitation bands of observed nuclear spectra in the region of a large deformed even–even, odd–odd and odd-A nuclei
are estimated. Comparisons of the values of calculated nuclear level density parameters with those of the compiled values for
s-wave neutron resonance data are given.
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Open access under CC BY license.The knowledge of the nuclear level density is es-
sential to make the statistical calculations in reactor
physics, in astrophysics and in the investigation of
heavy ion collisions. Besides, character of nuclear ex-
citations at the energies close or above the neutron
binding energy has not yet been cleared out. There-
fore, the investigation of nuclear level density has
both, applied and theoretical interest.
Main parameter of theory, which is related to the
nuclear level density—the level density parameter,
is compiled from fitting the calculated nuclear level
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Open access under CC BY licenspacing with observed energy level spacing at the
excitations near the neutron binding energy. Such level
spacing data are called as s-wave neutron resonance
ones. The evaluation of these data are based on the
Bethe theory [1], which assumes a single-particle
nuclear model, and on some certain corrections [2,3]
made in this theory. In this model, the individual
neutrons and protons in the nucleus are filled the
lower energy levels in the ground state. Nucleons may
occupy higher levels above the last filled level (Fermi
energy level) of the ground state at any excitation.
Above mentioned theory gives also dependence of
nuclear level density on the total angular momentum I
of the nucleus. The expression for nuclear level density
at any excitation energy U and momentum I can bese.
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where a and σ are the energy level density and spin
distribution parameters, respectively. These parame-
ters are defined by
(2)a = π
2
σ
g(εF), σ
2 = g〈m2〉t .
Here g(εF) is the density of single-particle levels at the
Fermi energy εF, 〈m2〉 is the mean square magnetic
quantum number for single-particle states and t is
the nuclear thermodynamic temperature of an excited
nucleus in the Fermi-gas model. These factors are
expressed as follows:
g(εF)= 32
A
εF
, 〈m2〉 = 0,146A2/3,
(3)t =√U/a,
where, A is the mass number of a nucleus.
The experimental observations does not determine
the different orientation of nuclear angular momen-
tum I . Therefore, it is useful to obtain the observable
level density which has form
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Substitute the Eqs. (2) and (3) into Eq. (4) to find the
observable level density as
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Bethe theory does not take into consideration the
collective motion of the nuclear particles in the excita-
tion of the nuclei. However, the measured magnetic
and quadrupole moments of the nuclei deviate con-
siderably from the ones calculated using the single-
particle shell model. The excited states and the mag-
netic and quadrupole moments are the results of col-
lective motion of many nucleons. The existence of col-
lective energy level bands of rotational and vibrational
types can now easily be identified from nuclear spectra
data [4] of many large deformed nuclei. In the studies
in Refs. [5,6], the contribution of collective motion ofnucleons on the energy level density has been consid-
ered. However, these studies naturally involve messy
equations.
In Ref. [7] it has been attempted to identify the
nuclear level density parameter in the even–even rare
earth and actinide elements by use of simple model
of nuclear collective excitation mechanism. Almost
all body of data on the level density parameters of
even–even rare earth elements are well identified on
a base of the ground state rotational band of the
nuclei. The level density parameters were estimated
using the energy of the first excited 2+ states of these
bands. However, in the even–even actinides similar
estimations gave enhanced values in the level density
parameters than that of compiled values of these
parameters.
In the present Letter we intend to identify the
nuclear level density parameters in the even–even
actinides by use of octupole bands of these nuclei. We
also study how the approach introduced in Ref. [7]
works for nuclei other than even–even, namely, for
some odd-A and odd–odd rare earth and actinide
nuclei.
Bohr and Mottelson [8] and Davydov and co-
wokers [9] have developed the nuclear model tak-
ing into account of the collective motion of the nu-
clear particles. The nuclei in the region of rare-
earth and actinides elements have stable deformation
in their ground-states. Rotational energy of an axi-
ally symmetric deformed even–even nucleus is given
as [8]
(6)Erot(I,K)= h¯
2
2
[
I (I + 1)
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)
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,
where I and K are the total angular momentum and
its projection on the axis of symmetry, respectively, of
a nucleus; J3 and J0 are moments of inertia about a
symmetry axis and an arbitrary axis perpendicular to
the symmetry axis, respectively. Authors of Ref. [8]
have used the hydrodynamic moments of inertia re-
stricting the deformed nuclear surface by a quadru-
pole term only. In this model one can admit J3 = 0,
which requires the value of K in Eq. (6) to be iden-
tically zero. Then we come to the following equa-
tion:
(7)Erot = h¯
2
2J0
I (I + 1).
104 S¸. Okuducu, H. Ahmadov / Physics Letters B 565 (2003) 102–106Table 1
The calculated and compiled values of the level density parameters for some odd–odd and odd-A large deformed nuclei
Compound nuclei Compiled a, MeV−1 [11] Calculated a0, MeV−1 Corresponding bands
240
95Am – 40.12 K = 3− PI5/2(523)+ NU1/2(631)
239
94Pu 28.9 36.82 5/2 [622]
237
92U 29.52 36.6 5/2 [622]
29.37 7/2 [624]
235
92U 30.65 35.76 7/2 [743]
24.55 g.s.+ gamma vibration
231
90Th 30.53 39.16 5/2 [633]
176
71Lu 22.09 35.45 KPI = 1−. CONF = ((P.7/2(404)− (N,5/2(512)))
8.93 KPI = 7− (ground state rotational band)
166
67Ho 20.66 30.35 KPI = 0− PI 7/2−[523] − NU7/2 + [633]
23.84 KPI = 3+ PI 7/2− [523] − NU1/2− [521]
159
65Tb – 28.36 3/2 (411) (ground state positive parity band)
154
63Eu 23.24 20.39 KPI = 3− (ground state negative parity band)The above expression is only meaningful for the val-
ues of angular momentum I , I = 0,2,4,6, . . . , and
it shows a well consistency with the observable low-
lying energy levels of the even–even large deformed
nuclei. The energy level sequence in such a case is
called as ground-state rotational band having positive-
parity.
The so-called β and γ excited bands introduced in
Ref. [8] are also well identified the observed energy
levels of the collective nature in the large deformed
even–even nuclei. The β band is associated with
vibrations that preserve the axis of symmetry and
therefore is K = 0 band with the level sequence given
by Eq. (7) and the band head h¯ωβ . The γ band
is associated with the vibrations not preserving the
symmetry axis and having the levels given by Eq. (6).
The spin sequence of γ band with K = 2 is I =
2+,3+,4+,5+, . . . .
In the large deformed odd-A nuclei simple iden-
tification of the observed nuclear levels is made on
a base of a strong coupling of a nucleon to an axi-
ally symmetric even–even deformed core. The rota-
tional band with a given K value and spin sequence
I = K =Ω,K + 1,K + 2, . . . , where K and Ω are
the projections of the total angular momentum and odd
nucleon angular momentum, respectively, on the nu-clear symmetry axis, has level spacing
(8)E(I,K)= h¯
2
2J0
[
I (I + 1)−K(K + 1)].
For example, the K = 32
+ ground state rotational
band in the odd proton nucleus 15965Tb (see Table 1)
is identified by the simple level structure given by
Eq. (8). However, the effect of single particle motion
is necessary to take into account Nilsson model [10]
in order to predict properties of odd-A nuclei. In the
level structure particle levels will appear as the head
of an appropriate K band.
In the deformed axially symmetric odd–odd nuclei
quantum number K is determined as K = |Ωp ±Ωn|,
where Ωp and Ωn are projections of proton and neu-
tron angular momentums, respectively on the symme-
try axis. The ground state spins of these nuclei are de-
termined with the same coupling rules. Each band with
a givenK is built upon the proton and neutron intrinsic
states of the Nilsson model. Some odd-A and odd–odd
nuclei with their corresponding bands for which the
level density parameters are estimated in the present
Letter are listed in Table 1.
In any case, we can write the following expression
for the energy level density depending on the excita-
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(9)ρ(U)=
∑
i
aiρi(U),
where ρi(U) is the partial energy level density as-
sociated with the ith band, ai is the weighting co-
efficient satisfying the condition
∑
i ai = 1. In the
present Letter, we use a simple expression for the en-
ergy level density which considered the collective ex-
citation modes. Here we remain the important prop-
erties of observed energy spectrum of nuclei consid-
ered. These properties can approximately be verified
for the energies of the pure collective rotational and
vibrational bands in the even–even and of the coupled
state bands (see Table 1) in the odd–odd and odd-A
large deformed nuclei as being the ratios given by
(10)R1 :R2 :R3 :R4 : · · · = 1 : r : 2r : 3r : · · · .
Here, R1,R2,R3,R4, . . . are the ratios of sequential
level energies to the appropriate energy unit of a cor-
responding band. When the above relation is satisfied
then the nuclear level density of ith band can be rep-
resented as [7]
(11)ρi(U, ε0i)∼= π
2a0i
24
√
3 (a0iU)3/2
exp
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2
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)
.
Here a0i is defined as
(12)a0i = π
2
6ε0i
and represents a collective level density parameter
corresponding to the ith band with the unit energy ε0i .
For example, for the even–even rare earth and actinide
elements the unit energies are ε0GS = E(2+), ε0β =
E(2+) − E(0+), and ε0oct = E(3−) − E(1−) for
ground-state, β and octupole bands, respectively. In
the odd-A and odd–odd nuclei the unit energy is either
energy of first excited state (for ground state bands)
or the energy separation between the second and first
excited states (for excited bands) of the corresponding
band with given K . Clearly, these bands energies
should at least, approximately satisfy Eq. (10).
It is evident from comparison of Eqs. (5) and (11)
that they have similar dependence on the energy, even
they have been found from different approaches. As
we have mentioned above, Eq. (5) has based on a
single-particle nuclear model but Eq. (11) has been
extracted from symmetry properties of the nuclearFig. 1. Mass dependence of parameters a0, calculated for octupol
band and a for even–even actinide nuclei. Calculated values of a0
for ground state rotational bands are taken from [7].
spectra data expressed by Eq. (10). Thus, our approach
takes into account the collective-excitation modes
in nuclei. In other words, the energy level density
parameter a0i defined by Eq. (12) can easily be
obtained from nuclear spectra data given in Ref. [4].
Using Eq. (11) it is calculated the nuclear level
density parameter on a base of the octupole bands
in the even–even actinides. Energy unit is taken as
ε0oct = E(3−) − E(1−). In Fig. 1 we illustrate the
comparison of our implementations of nuclear level
density parameters a0 with the level density parameter
a which is compiled by Baba [11], versus mass
number of even–even actinide nuclei. Note that the
compiled data of Baba which are based on Ericson’s
[12] level density formula taking into account both,
single particle and collective degrees of freedom and
are systematically enhance the Gilbert–Cameron [3]
compilations in the region of nuclei considered. The
estimated in Ref. [7] values of the level density
parameter on a base of the ground state rotational
band are also presented in the figure. It is seen that
the present calculation results for octupole bands are
in better agreement with the level density parameters
than that of ground state one.
It can easily be verified that the energy levels
of different bands (in particular, the bands listed in
Table 1) in odd–odd and odd-A nuclei also satisfies
approximately Eq. (10) and therefore Eq. (12) can
be applied for estimation of the corresponding level
density parameters. The calculated values of the level
density parameters due to different excitation bands
for some odd–odd and odd-A large deformed nuclei
have been represented in Table 1. As it seen from table
106 S¸. Okuducu, H. Ahmadov / Physics Letters B 565 (2003) 102–106simple identification of the level density parameters is
not possible in this case.
On the base of above presented discussion we can
conclude that the nuclear level density parameters
in the region of the even–even actinide elements
can be identified by use of octupole band. No any
dominant band alone is responsible for identification
of parameter a for odd–odd and odd-A nuclei of
the region of interest. This means that the excitation
mechanism of odd-A and odd–odd nuclei is more
complicated than that of even–even nuclei in the
region of large deformations and the nuclear level
density for such nuclei apparently should involve
combination of partial level densities corresponding to
the different bands, which is given by Eq. (9).References
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